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Abstract
This paper compares two recent Monte Carlo methods advocated for the computation of
optimal portfolio rules. The candidate methods are the approach based on Monte Carlo with
Malliavin Derivatives (MCMD) proposed by Detemple, Garcia and Rindisbacher [Detemple
et al., 2003. A Monte-Carlo method for optimal portfolios. Journal of Finance 58, 401–406]
and the approach based on Monte Carlo with regression (MCR) of Brandt, Goyal, SantaClara and Stroud [Brandt et al., 2003. A simulation approach to dynamic portfolio choice with
an application to learning about return predictability. Working paper, Wharton School]. Our
comparisons are carried out in the context of various intertemporal portfolio choice problems
with two assets, a risky asset and a riskless asset, and diﬀerent conﬁgurations of the state variables. The speciﬁcations studied include a linear model with a single state variable admitting
an exact solution and a non-linear model with two state variables that requires a purely
numerical resolution. The accuracies of the candidate methods are compared. We provide,
in particular, eﬃciency plots displaying the speed–accuracy trade-oﬀ for various selections
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of the relevant simulation and discretization parameters. MCMD is shown to dominate in all
the settings considered.
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1. Introduction
Asset allocation, in recent years, has become a topic of intense interest for academics and practitioners of ﬁnance. Partly fueling this interest has been the development of theoretical and numerical methods bringing elegant, but abstract models, in
the realm of practical applications. The availability of this technology has made it
possible to implement realistic models with large numbers of assets and state variables. This paper provides a detailed review of the most versatile methodology available, based on the Malliavin calculus. The implementation of this methodology in
the context of asset allocation problems was initially carried out by Detemple
et al. (2003). This paper will provide further insights into their Monte Carlo with
Malliavin derivatives (MCMD) method and, in particular, will provide additional
results relating to its performance. For this purpose, we review another recent
approach, the Monte Carlo regression (MCR) approach of Brandt et al. (2003). A
comparative study will be conducted to document the performances of the two candidate methods. This comparison will provide further evidence of the dominance of
the MCMD method.
The traditional approach to asset allocation relies on the mean–variance analysis
of Markowitz (1952). The central idea is the notion that higher risk warrants a higher
average return. The optimal portfolio trades oﬀ these aspects and results in an allocation which is ex ante mean–variance optimal. This static approach is simple and
intuitive and has had enormous practical and professional impact. Even today, it
is still driving part of the academic research. It also underlies a vast majority of
the products oﬀered by ﬁnancial intermediaries, as well as the advice provided by
many ﬁnancial planners.
Modern asset allocation theory, however, has long recognized the shortcomings
of the mean–variance approach. One obvious element is that the static formulation
of this theory does not capture the essence of the problem as investors are often faced
with long horizons and changing ﬁnancial markets. That is, it fails to capture the dynamic aspect of the problem. The breakthrough contribution of Merton (1971) lays
the foundation for dynamic portfolio choice. The central idea is based on the observation that means and variances of asset returns do not stay constant over time, but
change in response to economic and business conditions. This simple remark suggests the need to design investment strategies that take advantage of these ﬂuctuations by limiting their welfare-reducing eﬀects. Practically, investors should modify
the mean–variance allocation so as to hedge against ﬂuctuations in the opportunity
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set. Optimal portfolios are therefore composed of a standard, mean–variance component, as well as of intertemporal hedging components that provide insurance
against shocks to return moments.
Yet, in spite of the appeal and the elegance of Mertons ideas, implementation has
lagged. One has to wait the mid-1990s for an application, by Brennan et al. (1997), in
a non-trivial context with four assets and four state variables. Their implementation
applies numerical methods to solve the second-order partial diﬀerential equation
(PDE) that characterizes the value function for the dynamic portfolio problem. In
spite of the relatively simple nature of their setting the resulting portfolio rule displays striking variations, as it jumps from 0% to 100% of wealth in stocks, following
small changes in the underlying variables.1
In order to bypass the diﬃculties encountered in PDE-based implementations of
the model, Detemple et al. (2003)—hereafter DGR—propose a Monte Carlo method
that relies on several advances in ﬁnancial economics achieved during the last
two decades.2 The ﬁrst of these is the application of the risk neutralization procedure (see Cox and Ross, 1976; Harrison and Kreps, 1979; Harrison and Pliska,
1981) to consumption–portfolio choice models. This development, pioneered by
Pliska (1986), Karatzas et al. (1987) and Cox and Huang (1989), led to the resolution
of consumption–portfolio problems in settings with complete markets and von
Neumann–Morgenstern time separable preferences. Speciﬁcally, the approach permits a closed-form solution for the optimal consumption rate and its associated
wealth process.3 The second innovation is the application of the Malliavin calculus,
i.e. the stochastic calculus of variations, in order to derive an explicit formula for
the ﬁnancing portfolio. This contribution, due to Ocone and Karatzas (1991), expresses the optimal portfolio as the expected value of a functional that depends
on the Malliavin derivatives of the coeﬃcients of the model, namely the interest
rate and the market price of risk. To the non-expert the formula appears somewhat
abstract as it is derived in the context of models with Ito price processes and
unspeciﬁed adapted coeﬃcients. For implementation DGR (2003) focus on a more
parsimonious structure with a ﬁnite, but arbitrarily large, number of diﬀusion
processes. In this context Malliavin derivatives can be characterized as solutions
of stochastic diﬀerential equations. This, along with the representation of portfolios
as expected values, suggests the use of Monte Carlo simulation for computation
purposes. DGR develop this simulation-based approach and apply it to various
market and preference structures. They also evaluate its performance against
1
This feature may be due to instabilities associated with the PDE method employed. The non-linearity
of the equation, the inﬁnite natural domain of the state variables and the absence of natural boundary
conditions when the domain is truncated may be factors contributing to the unstable behavior of the
solution.
2
Numerical methods for PDEs also suﬀer from the curse of dimensionality and can only deal with low
dimensional problems. Monte Carlo methods, on the other hand, can be employed for large dimensional
systems.
3
As Cox and Huang (1989) point out, the optimal portfolio can also be characterized as the solution to
a ‘‘simpliﬁed’’ PDE depending of the state price density. Tests carried out by DGR (2003) show that ﬁnite
diﬀerence methods applied to this equation are dominated by MCMD.
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ﬁnite-diﬀerence PDE methods and against the Monte Carlo covariation method of
Cvitanic et al. (2003). Their results show that MCMD fares better in terms of accuracy and speed of computation.
This paper reviews the fundamentals of the approach advocated by DGR and
provides complementary results about its performance. Another method, proposed
recently for portfolio computation in dynamic settings, is the simulation-regression
approach of Brandt et al. (2003). The Monte Carlo regression approach replaces
the value function satisfying the Bellman equation by a Taylor approximation.
The optimal portfolio for the optimization problem based on this approximation
can be expressed in terms of conditional moments of the future value function
and of the returns. A backward resolution procedure, combined with a regression
approach, is then used to compute these moments. The resulting portfolio value is
an approximation to the optimal portfolio in the original problem.
A comparison of the candidate methods is performed in the context of two models. The ﬁrst model has a single state variable, the market price of risk, that follows
an Ornstein–Uhlenbeck process. A closed-form solution is provided by Wachter
(2002) for the case of von Neumann–Morgenstern (vNM) preferences with constant
relative risk aversion. The availability of an explicit solution provides a benchmark
true value that is easy to compute and renders the model particularly attractive for
comparison of diﬀerent numerical approaches. The second model is the non-linear
model with two state variables developed by DGR (2003). Although the true portfolio value is not available it can be calculated by any convergent method, such as
MCMD, using a suﬃciently large number of replications and discretization points.
Computation, in this case, is time intensive. Both models have von Neumann–
Morgenstern preferences with constant relative risk aversion.
Our results document the respective properties of the candidate methods. Broadly
speaking these results establish the dominance of MCMD over MCR. This latter
method exhibits a varying degree of performance depending on the context. In the
Ornstein–Uhlenbeck model of Wachter, calibrated to the data, it has substantial relative errors for certain parameter conﬁgurations. Accuracy seems to improve in
models, such as the non-linear model with two state variables of DGR (2003), in
which the distribution of future state variables is not too disperse. Nevertheless, eﬃciency studies in both of these settings show that it is dominated by MCMD by a
factor of 10 or better (i.e. MCMD provides estimates at least 10 times more accurate
for a given budget of computation time).
Section 2 describes the consumption–portfolio choice problem in a general model
with complete markets and diﬀusive prices, and solves for optimal consumption. Section 3 details the optimal portfolio policy. The ﬁrst part of that section provides a
simple review of principles of Malliavin calculus geared towards applications in ﬁnance. The second part details the portfolio policy and discusses its structure and
properties. Section 4 addresses computational matters and explains the numerical
implementation of MCMD and MCR. Section 5 performs several comparative studies to evaluate the two candidate methods. Comparisons are carried out in the context of a model with a single state variable admitting a closed-form solution and a
model with a pair of state variables requiring a numerical resolution. Conclusions
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are formulated in Section 6. An Appendix A contains the proofs of some of the
results.

2. The economic model
We formulate a consumption–portfolio model in manner of Merton (1971). The
investor operates in a frictionless ﬁnancial market in which asset prices and state
variables follow a joint diﬀusion process. The investor has a ﬁnite planning horizon
[0, T].
2.1. The ﬁnancial market
The ﬁnancial market has d risky assets (stocks and bonds) and one riskless asset.
The price of risky asset i, i = 1, . . . , d, is given by
dS it ¼ S it ½ðli ðt; Y t Þ  di ðt; Y t ÞÞdt þ ri ðt; Y t ÞdW t ;

ð1Þ

where li is the drift, di the dividend yield and ri the 1 · d vector of volatility coeﬃcients. These coeﬃcients depend on a k · 1 vector of state variables
Y = (Y1, . . . , Yk) 0 . The riskless asset pays interest at the rate r(t, Yt), which also depends on the state variables. For notational convenience we will write lt for the d · 1
vector of expected risky asset returns at date t and rt for the d · d matrix of return
volatilities. Similarly we will write rt for the interest rate. We assume that r is invertible at all times (i.e. the market is complete).
The price system described above uniquely induces the d-dimensional vector of
market prices of risk ht = (h1t, . . . , hdt) 0 deﬁned by ht  r1
t ðlt  rt 1Þ where 1 =
(1, . . . ,1) 0 is the d-dimensional vector of ones. This vector captures the premia
implicitly assigned by the ﬁnancial market to the various sources of uncertainty
aﬀecting the economy, i.e. the Brownian motions. Thus, Wi carries a premium
 R v hit
at time t.R The associated state price density (SPD) is nt;v  exp  t ðrs þ
v
1 0
h h Þds  t h0s dW s Þ. This state price density is the stochastic discount factor used
2 s s
to value any asset with cash ﬂows contingent on the sources of uncertainty W.
2.2. State variables
The k state variables Y = (Y1, . . . , Yk) 0 aﬀect the opportunity set, i.e. the means
and variances of asset returns and the riskfree rate. The market prices of risk and
the interest rate can be chosen as state variables (by setting Y1 = r and
Yj = hj, j = 1, . . . , d). Additional state variables may include dividend–price ratios,
ﬁrm sizes, revenues, and other factors needed to describe returns. The evolution of
state variables is given by
dY t ¼ lY ðt; Y t Þdt þ rY ðt; Y t ÞdW t ;

ð2Þ
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where lY(t, Yt) is the k · 1 vector of drift coeﬃcients and rY(t, Yt) is a k · d matrix of
volatility coeﬃcients.
2.3. Consumption, portfolios and wealth
In this setting the investor consumes and invests in assets. Wealth is the value of
assets, i.e. of the portfolio held. Let Xt denote wealth at time t. If pt is the d · 1 vector
of proportions of wealth invested in the risky assets (hence 1  p0t 1 is the proportion
invested in the riskless asset) and ct the amount withdrawn from the portfolio for
consumption then wealth evolves according to
dX t ¼ ðX t rt  ct Þdt þ X t p0t ½ðlt  rt 1Þdt þ rt dW t 

ð3Þ

subject to some initial value x.
2.4. Preferences
We consider investors with time-separable von Neumann–Morgenstern preferences who care about intermediate consumption as well as terminal wealth. A consumption-terminal wealth plan (c, XT) is ranked according to the expected utility
criterion
Z T

uðcv ; vÞdv þ U ðX T ; T Þ :
ð4Þ
max E
0

The utility functions u and U are assumed to be strictly increasing, strictly concave
and diﬀerentiable. To simplify matters we assume that the utility functions satisfy
the Inada conditions limc!0u 0 (c, t) = limX!0U 0 (X, T) = 1 and limc!1u 0 (c, t) =
limX!1U 0 (X, T) = 0, where u 0 (c, t)ou(c, t)/oc and U 0 (X, T)oU(X, T)/oX.
2.5. The dynamic consumption–portfolio choice problem
The investors objective is to maximize preferences
Z T

max E
uðcv ; vÞdv þ U ðX T ; T Þ

ð5Þ

0

with respect to (c, p, XT) subject to the following constraints:
dX t ¼ ðrt X t  ct Þdt þ X t p0t ½ðlt  rt 1Þdt þ rdW t ;

ð6Þ

ct P 0;

ð7Þ

Xt P 0

ð8Þ

for all t 2 [0, T]. The ﬁrst constraint (6) is the dynamic budget constraint (i.e. the evolution of wealth given a consumption–portfolio policy (c, p)). The second constraint,
(7), captures the physical restriction that consumption cannot become negative (i.e.
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ct P 0 for all t 2 [0, T]). The last one, (8), stipulates that wealth cannot become negative. This restriction has the nature of a no-default condition.
It is well known that the assumption of inﬁnite marginal utility at zero (the Inada
condition) ensures that optimal consumption is non-negative and this guarantees a
non-negative wealth (because wealth is the present value of future consumption).
The constraints, in this case, can be ignored in the optimization problem. In the absence of Inada conditions, the constraints will bind and need to be incorporated in
the optimization problem.
2.6. The equivalent static choice problem
In order to solve the dynamic consumption–portfolio choice problem described
above it is useful to reformulate it as a static optimization problem. Cox and Huang
(1989) and Karatzas et al. (1987) have shown that the equivalent static problem is to
maximize
Z T

max E
uðcv ; vÞdv þ U ðX T Þ
ð9Þ
c; X T

0

subject to the static budget constraint
Z T

E
nv cv dv þ nT X T 6 x;

ð10Þ

0

the inequality constraint (7) and the terminal consumption constraint XT P 0. In this
formulation the investor selects the consumption plan (c, XT) subject to a static budget constraint, (10), and non-negativity constraints on consumption, (7) and XT P 0.
The budget constraint (10) stipulates that the present value of the plan must be
bounded above by initial wealth. In other words the present value of expenditures
cannot exceed the value of initial resources.
2.7. Necessary and suﬃcient conditions for optimality
The static problem is a constrained optimization problem which can be approached by forming the Lagrangian
Z T


Z T

Lðc; X T ; yÞ  E
uðcv ; vÞdv þ U ðX T Þ þ y x  E
nv cv dv þ nT X T ;
0

0

where y is the positive multiplier for the static budget constraint (10), and solving
miny>0 maxcP0;X T P0 Lðc; X T ; yÞ. The multiplier represents the shadow price of the
budget constraint. The Lagrange optimization problem can be solved in two steps,
ﬁrst ignoring the non-negativity constraints c P 0, XT P 0, then checking that the
solution derived satisﬁes the required conditions.
The ﬁrst order conditions for the Lagrange optimization problem (hence for the
static problem (9), (10)),
u0 ðct ; tÞ ¼ ynt ;

ð11Þ
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U 0 ðX T ; T Þ ¼ ynT ;
Z

T

E


nv cv dv þ nT X T 6 x;

ð12Þ
ð13Þ

0

show that optimal consumption is selected so as to equate the marginal utility of an
additional unit of consumption to the marginal cost. The latter is given by the state
price density adjusted by the shadow price of the budget constraint. Conditions (11)–
(13) are also suﬃcient due to the strict concavity of the utility function.
2.8. Optimal consumption and wealth
In order to solve the system of optimality conditions (11)–(13) let I(y, t) and J(y, T)
be the respective inverses of the marginal utility functions u 0 (ct, t) and U 0 (XT, T). The
strict concavity of the utility functions ensures that these inverse functions exist and
that they are unique. Since marginal utilities range from 0 to 1 the inverse functions
are deﬁned over the positive reals. Our candidate optimal consumption and terminal
wealth are then given by the functions
ct ¼ Iðynt ; tÞ;

ð14Þ

X T ¼ J ðynT ; T Þ:

ð15Þ

Substituting Rthese expressions in (13) shows that y satisﬁes the associated budget
T
constraint E½ 0 nv Iðynv ; vÞdv þ nT J ðynT ; T Þ ¼ x. Given that the inverse marginal utility functions I(Æ , Æ) and J(Æ , Æ) are strictly decreasing and range from +1 to 0, there is
a unique solution y and this solution is strictly positive. The candidate optimal policies are then given by the functions (14), (15) evaluated at y . As the functions I(Æ , Æ)
and J(Æ ,Æ) are strictly positive these policies are indeed optimal for the constrained
problem.
With the expressions for optimal consumption and terminal wealth it is easy to
derive a formula for optimal wealth. Indeed, wealth represents the present value
of future consumption and is therefore given by
Z T

X t ¼ Et
nt;v Iðy  nv ; vÞdv þ nt;T J ðy  nT ; T Þ
ð16Þ
t

for all t 2 [0, T]. Given that the consumption functions ct ¼ Iðy  nt ; tÞ and X T ¼
J ðy  nT ; T Þ are non-negative, it is immediate to see that optimal wealth satisﬁes the
constraint X t P 0 at all times.
3. The optimal portfolio policy
The optimal portfolio policy is the portfolio policy that ﬁnances consumption and
terminal wealth. Stated diﬀerently, it is the portfolio generating the optimal wealth
process in (16).
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The optimal portfolio corresponds to the integrand in the Martingale representation of the optimal discounted wealth process (see Section 3.1.5). The Clark–Ocone
formula from Malliavin calculus gives an explicit expression for this integrand and
therefore for the optimal portfolio. Our next section presents basic results from
Malliavin calculus that are needed to derive this integrand.
3.1. An introduction to Malliavin calculus
The Malliavin calculus is a calculus of variations for stochastic processes. It applies to Wiener (or Brownian) functionals, i.e. random variables and stochastic processes that depend on the trajectories of Brownian motions. The Malliavin
derivative, which is one element of this calculus of variations, measures the eﬀect
of a small variation in the trajectory of an underlying Brownian motion on the value
of a Wiener functional.
3.1.1. Smooth Brownian functionals
To set the stage consider a Wiener space generated by the d-dimensional Brownian motion process W = (W1, . . . ,Wd) 0 . As is well known we can associate each state
of nature with a trajectory of the Brownian motion (the set of states of nature is the
space of trajectories). Let (t1, . . . ,tn) be a partition of the time interval [0, T] and let
F(W) be a random variable of the form
F ðW Þ  f ðW t1 ; . . . ; W tn Þ;
where f is a continuously diﬀerentiable function. The random variable F(W) depends
(smoothly) on the d-dimensional Brownian motion W at a ﬁnite number of points
along its trajectory; it is called a smooth Brownian functional.
3.1.2. The Malliavin derivative of a smooth Brownian functional
The Malliavin derivative of F is the change in F due to a change in the path of W.
To simplify matters assume ﬁrst that d = 1, i.e. there is a unique Brownian motion.
Consider shifting the trajectory of W by e starting at time t. Suppose tk 6 t < tk+1 for
some k = 1, . . . , n. The Malliavin derivative of F at t is deﬁned by

of ðW t1 þ e1½t;1½ ðt1 Þ; . . . ; W tk þ e1½t;1½ ðtk Þ; . . . ; W tn þ e1½t;1½ ðtn ÞÞ
Dt F ðW Þ 

oe
e¼0
¼ lim
e!0

F ðW þ e1½t;1½ Þ  F ðW Þ
;
e
ð17Þ

where 1[t, 1[ is the indicator of the set [t, 1[ (that is 1[t,1[(s) = 1 for s 2 [t, 1[; = 0
otherwise). In more compact form we can write
n
X
oj f ðW t1 ; . . . ; W tk ; . . . ; W tn Þ1½t;1½ ðtj Þ;
ð18Þ
Dt F ðxÞ ¼
j¼k

where ojf is the derivative with respect to the jth argument of f.
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A simple example will illustrate the notion. Consider the price of the stock in the
Black–Scholes model. Its value at date T is given by

S T ¼ S 0 exp



1 2
l  r T þ rW T ;
2

where WT is the terminal value of the univariate Brownian motion process deﬁning
the uncertainty in this model. Since ST = f(WT) with f ðxÞ ¼ S 0 expððl  12 r2 ÞT þ rxÞ
it is clear that ST is a smooth Brownian functional. A direct application of the definition gives



1
Dt S T ¼ of ðW T Þ1½t;1½ ðT Þ ¼ rS 0 exp
l  r2 T þ rW T ¼ rS T :
2
In this example the stock price depends only on the Brownian motion at time T. The
Malliavin derivative is then the derivative with respect to WT. This reﬂects the fact
that a perturbation of the path of the Brownian motion from t onward, aﬀects ST
only through the terminal value WT.
Suppose next that d > 1, i.e. the underlying Brownian motion is multi-dimensional. The Malliavin derivative of F at t is now a 1 · d-dimensional vector denoted
by Dt F ¼ ðD1t F ; . . . ; Ddt F Þ. The ith coordinate of this vector, Dit F , captures the impact of a perturbation in Wi by e starting at some time t. If tk 6 t < tk+1 we have
n
X
of
ðW t1 ; . . . ; W tk ; . . . ; W tn Þ1½t;1½ ðtj Þ;
ð19Þ
Dit F ¼
ox
ij
j¼k
where of/oxij is the derivative with respect to the ith component of the jth argument
of f (i.e. the derivative with respect to W itj ).
3.1.3. The domain of the Malliavin derivative operator
The deﬁnition above can be extended to random variables that depend on the
path of the Brownian motion over a continuous interval [0, T]. This extension uses
the fact that a path-dependent functional can be approximated by a suitable sequence of smooth Brownian functionals. The Malliavin derivative of the path-dependent functional is then given by the limit of the Malliavin derivatives of the smooth
Brownian functionals in the approximating sequence. The space of random variables
for which Malliavin derivatives are deﬁned is called D1;2 . This space is the completion of the set of R smooth Brownian
functionalsPwith respect to the norm
1
T
2
2
2
kF k1;2 ¼ ðEðF 2 Þ þ Eð 0 kDt F k dtÞÞ2 where kDt F k ¼ i ðDit F Þ .
3.1.4. Malliavin derivatives of Riemann, Wiener and Ito integrals
This extension enables us to handle stochastic integrals, that depend on the path
of the Brownian motion over a continuous interval, in a very natural manner. ConRT
sider, for instance, the stochastic Wiener integral F ðW Þ ¼ 0 hðtÞdW t , where h(t) is a
function ofRtime and W is one-dimensional. Integration by parts shows that F ðW Þ ¼
T
hðT ÞW T  0 W s dhðsÞ. Straightforward calculations give, for t 2 [0, T],
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F ðW þ e1½t;1½ Þ  F ðW Þ ¼ hðT ÞðW T þ e1½t;1½ ðT ÞÞ 

T

0


Z
 hðT ÞW T 
¼ hðT Þe 

Z
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T

ðW s þ e1½t;1½ ðsÞÞdhðsÞ


W s dhðsÞ
0

Z

T

e1½t;1½ ðsÞdhðsÞ ¼ ehðtÞ:
0

It then follows, from the deﬁnition (17), that Dt F ¼ hðtÞ, for t 2 [0, T]. The Malliavin
derivative of F at t is the volatility h(t) of the stochastic integral at t: this volatility
measures the sensitivity of the random variable F to the Brownian innovation at t.
Next, let us consider a random Riemann integral with integrand that depends on
the pathR of the Brownian motion. This Brownian functional takes the form
T
F ðW Þ  0 hs ds where hs is a progressively measurable process (i.e. a process which
depends on timeR and the past trajectory of the Brownian motion) such that the inteT
gral exists (i.e. 0 jhs jds < 1 with probability one). We now have
Z T
ðhs ðW þ e1½t;1½ Þ  hs ðW ÞÞds:
F ðW þ e1½t;1½ Þ  F ðW Þ ¼
0

RT
As lime!0 ðhs ðW þ e1½t;1½ Þ  hs ðW ÞÞ=e ¼ Dt hs ðW
R TÞ it follows that Dt F ¼ t Dt hs ds.
Finally, consider the Ito integral F ðxÞ ¼ 0 hs ðW ÞdW s . To simplify the notation
write he  h(W + e1[t,1[) and We  W + e1[t,1[. Integration by parts then gives, for
t 2 [0, T],
Z T
Z T
ðhes  hs ÞdW s þ
hes dðW es  W s Þ
F e F ¼
0
0
Z T
Z T
Z T
¼
ðhes  hs ÞdW s þ heT ðW eT  W T Þ 
ðW es  W s Þdhes 
d½W e  W ;he s
t
0
0
Z T
Z T
¼
ðhes  hs ÞdW s þ heT e  e
dhes
t
t
Z T
e
e
¼
ðhs  hs ÞdW s þ eht :
t

The second equality above uses hes ¼ hs for s < t to simplify the ﬁrst integral and
the integration by parts formula to expand the second integral. The third equality is
based on the fact that the cross-variation is null (i.e. [We  W, he]T = 0) because
W es  W s ¼ e1½t;1½ ðsÞ and 1[t,1[(s) is of bounded total variation.4 The last equality
uses, again, the integration by parts formula to
R T simplify the last two terms. Since
lime!0 ðhes  hs Þ=e ¼ Dt hs we obtain Dt F ¼ ht þ t Dt hs dW s , for t 2 [0, T].
Malliavin derivatives of Wiener, Riemann and Ito integrals depending on multidimensional Brownian motions can be deﬁned in a similar manner. As in Section

4

The total variation of a function f is limN !1
with N points of the interval [0, t].

P

tn 2PN ð½0;tÞ

j f ðtnþ1 Þ  f ðtn Þ j where PN([0, t]) is a partition
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3.1.2 the Malliavin derivative is a d-dimensional process which can be deﬁned component-by-component, by the operations described above.
3.1.5. Martingale representation and the Clark–Ocone formula
In Wiener spaces martingales with ﬁnite
R t variances can be written as sums of
Brownian increments.5 That is, M t ¼ M 0 þ 0 /s dW s for some progressively measurable process /, which represents the volatility coeﬃcient of the martingale. This result is known as the Martingale representation theorem. One of the most important
beneﬁts of Malliavin calculus is to identify the integrand / in this representation.
This is the content of the Clark–Ocone formula.
The Clark–Ocone formula states that any random variable F 2 D1;2 can be
decomposed as
Z T
Et ½Dt F dW t
ð20Þ
F ¼ E½F  þ
0

where Et[Æ] is the conditional expectation at t given the information generated by the
Brownian motion W. For a martingale closed by F 2 D1;2 (i.e. M
R tt = Et[F]) conditional expectations can be applied to (20) to obtain M t ¼ E½F  þ 0 Es ½Ds F dW s .
An intuitive derivation of this formula can be provided along the following lines.
1;2
Assume that
R T F 2 D . From the martingale representation theorem we have
F ¼ E½F  þ 0 /s dW s . Taking the Malliavin derivative on each side,
R T and applying
the rules of Malliavin calculus described above, gives Dt F ¼ /t þ t Dt /s dW s . TakingR conditional expectations on each side now produces Et ½Dt F  ¼ /t (since
T
Et ½ t Dt /s dW s  ¼ 0 and /t is known at t). Substituting this expression in the representation of F leads to (20).
The results above also show that the Malliavin derivative and the conditional
expectation operator commute. Indeed, let v P t and consider the martingale M
closed by F 2 D1;2 . From the representations for M and F above we obtain
Z

Dt M v ¼

v

Dt Es ½Ds F dW s þ Dt Et ½F ;
t

Dt F ¼

Z

T

Dt Es ½Ds F dW s þ Dt Et ½F :

t

Taking theR conditional expectation at time v P t of the second expression gives
v
Ev ½Dt F  ¼ t Dt Es ½Ds F dW s þ Dt Et ½F . Since the formulas on the right hand sides
of Dt M v and Ev ½Dt F  coincide we conclude that Dt M v ¼ Ev ½Dt F . Using the deﬁnition
of Mv we can also write Dt Ev ½F  ¼ Ev ½Dt F : the Malliavin derivative operator and the
conditional expectation operator commute.

5

A Wiener space is the canonical probability space ðC0 ðRþ ; Rd Þ; BðC0 ðRþ ; Rd ÞÞ; PÞ of nowhere
diﬀerentiable functions C0 , endowed with its Borel sigma ﬁeld and the Wiener measure. The Wiener
measure is the measure such that the d-dimensional coordinate mapping process is a Brownian motion.
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3.1.6. The chain rule of Malliavin calculus
In applications one often needs to compute the Malliavin derivative of a function
of a path-dependent random variable. As in ordinary calculus, a chain rule also applies in the Malliavin calculus. Let F = (F1, . . . , Fn) be a vector of random variables
in D1;2 and suppose that / is a diﬀerentiable function of F with bounded derivatives.
The Malliavin derivative of /(F) is then
n
X
o/
ðF ÞDt F i ;
Dt /ðF Þ ¼
ox
i
i¼1
where

o/
ðF Þ
oxi

represents the derivative relative to the ith argument of /.

3.1.7. Malliavin derivatives of stochastic diﬀerential equations
For applications to portfolio allocation it is essential to be able to calculate the
Malliavin derivative of the solution of a stochastic diﬀerential equation (i.e. the Malliavin derivative of a diﬀusion process). The rules of Malliavin calculus presented
above can be used to that eﬀect.
Suppose that a state variable Yt follows the diﬀusion process dYt = lY(Yt)dt +
Y
r (Yt)dWt where Y0 is given and rY(Yt) is a scalar (W is single dimensional). Equivalently, we can write the process Y in integral form as
Z t
Z t
lY ðY s Þds þ
rY ðY s ÞdW s :
Yt ¼ Y0 þ
0

0

Using the results presented above, it is easy to verify that the Malliavin derivative
Dt Y s satisﬁes
Z s
Z s
olY Dt Y v dv þ
orY Dt Y v dW v þ rðY t Þ:
Dt Y s ¼ D t Y 0 þ
t

t

Since Dt Y 0 ¼ 0, the Malliavin derivative obeys the following linear SDE:
dðDt Y s Þ ¼ ½olY ðY s Þds þ orY ðY s ÞdW s ðDt Y s Þ

ð21Þ

subject to the initial condition lims!t Dt Y s ¼ rY ðY t Þ.
If Y is a k · 1 vector and rY(Yt) is a k · d matrix (W is a d-dimensional Brownian
motion) the same arguments apply to yield
"
#
d
X
Y
Y
dðDt Y s Þ ¼ ol ðY s Þds þ
orj ðY s ÞdW js ðDt Y s Þ
ð22Þ
j¼1

subject to the initial condition lims!t Dt Y s ¼ rY ðY t Þ. In this multi-dimensional setting
rYj ðY Þ is the jth column of rY(Y). The Malliavin derivative Dt Y s is the k · d matrix
Dt Y s ¼ ðD1t Y s ; . . . ; Ddt Y s Þ.
3.2. The optimal portfolio
Let us now apply these notions to the derivation of the optimal portfolio. As mentioned before the optimal portfolio ﬁnances the wealth process (16). Equivalently, it
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represents the volatility of (16) (see the dynamic budget constraint (3)). The Clark–
Ocone formula, which provides an expression for this volatility coeﬃcient, can be


applied to conclude that X t p0
t rt ¼ Dt X t . It then suﬃces to compute Dt X t from
(16) in order to derive the portfolio formula.
A renormalization of the optimal wealth process simpliﬁes this computation.
Consider the discounted wealth process nt X t . By Itos lemma its volatility is
0
0


0
nt X t ðp0
t rt  ht Þ. It follows immediately that nt X t ðpt rt  ht Þ ¼ Dt ðnt X t Þ. Solving

for p gives the following expression for the optimal portfolio:
1

1

1

0

pt ¼ ðr0t Þ ht þ ðnt X t Þ ðr0t Þ ðDt ðnt X t ÞÞ ;

ð23Þ

where
nt X t

¼ Et

Z



T




nv Iðy nv ; vÞdv þ nT J ðy nT ; T Þ :

t

In this expression cv ¼ Iðy  nv ; vÞ represents optimal consumption and X T ¼
J ðy  nT ; T Þ is optimal terminal wealth. The basic rules of Malliavin calculus yield
the expression
Z T




Z 1 ðy nv ; vÞDt nv dv þ Z 2 ðy nT ; T ÞDt nT ;
Dt ðnt X t Þ ¼ Et
ð24Þ
t

where






0



Z 1 ðy nv ; vÞ ¼ Iðy nv ; vÞ þ y nv I ðy nv ; vÞ ¼






0

cv


1



X T

Z 2 ðy nT ; T Þ ¼ J ðy nT ; T Þ þ y nT J ðy nT ; T Þ ¼


1
;
Ru ðcv ; vÞ




1
1
;
RU ðX T ; T Þ

ð25Þ

ð26Þ

where I 0 (y nv, v), J 0 (y nT, T) are the derivatives with respect to the ﬁrst argument y n
of the inverse marginal utility functions and Ru(x, v) = u00 (x, v)x/u 0 (x, v),
RU(X, T) = U00 (X, T)X/U 0 (X, T) are the coeﬃcients of relative risk aversion
(u00 (c, t)  o2u(c, t)/oc2 and U00 (X, T)  o2U(X, T)/oX2). Similarly, from the deﬁnition
of the stochastic discount factor
 Z v


Z v
1
nv  exp 
rs þ h0s hs ds 
h0s dW s
2
0
0
we obtain
Dt nv  nv

Z
t

v

ðDt rs þ h0s Dt hs Þds þ

Z

v


dW 0s  Dt hs þ h0t :

t

The chain rule can then be used to write Dt nv ¼ nv ðH 0t;v þ h0t Þ with
Z v
Z v
ðorðY s ; sÞ þ h0s ohðY s ; sÞÞDt Y s ds þ
dW 0s  ohðY s ; sÞDt Y s
H 0t;v ¼
t

t

and where Dt Y s satisﬁes the stochastic diﬀerential equation

ð27Þ
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"
Y

dDt Y s ¼ ol ðs; Y s Þds þ

d
X
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#
orYj ðs; Y s ÞdW js

Dt Y t ¼ rY ðt; Y t Þ:

Dt Y s ;

ð28Þ

j¼1

Substituting (24)–(28) back in (23), collecting terms and simplifying produces our
portfolio formula in Proposition 1 below (for details see Proof of Proposition 1 in
Appendix A).
Proposition 1. Consider the consumption–portfolio problem described in Section 2.
The optimal consumption policy is cv ¼ Iðy  nv ; vÞ and optimal terminal wealth is
X T ¼ J ðy  nT ; T Þ. The optimal portfolio policy has the decomposition X t pt ¼
X t ½p1t þ p2t  where p1t is the mean–variance demand and p2t the intertemporal hedging
demand. The two parts are given by
X t p1t

¼ Et

Z

T



nt;v ðy nv ÞI ðy nv ; vÞdv þ nt;T ðy nT ÞJ ðy nT ; T Þ ðr0t Þ1 ht ;


0





0



t

X t p2t ¼ ðr0t Þ1 Et

Z

T


nt;v Z 1 ðy  nv ; vÞH t;v dv þ nt;T Z 2 ðy  nT ; T ÞH t;T ;

t

where Z1(y nv, v) and Z2(y nT, T) are defined in (25) and (26), the random variable H 0t;v
is defined in (27) and the Malliavin derivative of the state variables, Dt Y s , satisfies
theR stochastic differential equation (28). Optimal wealth is given by X t ¼
T
Et ½ t nt;v Iðy  nv ; vÞdv þ nt;T J ðy  nT ; T Þ.
Proposition 1 shows that the optimal portfolio decomposes in two parts. The ﬁrst
one, p1 , is a mean–variance component motivated by the local properties of asset returns (which are embodied in the ﬁrst two instantaneous moments). The second part,
p2 , is an intertemporal hedging demand as deﬁned in Merton (1971). This component is comprised of an interest rate hedge and a market price of risk hedge. The
appearance of these two hedges follows from the fact that the stochastic discount
factor (the SPD) is determined by r and h. Since optimal consumption and terminal
wealth are functions of the SPD the investor will naturally hedge against ﬂuctuations
in these quantities.
For constant relative risk aversion the portfolio simpliﬁes as follows:
Proposition 2. Suppose that the investor displays constant relative risk aversion R and
has subjective discount factor gt  exp(bt) where b is a constant discount rate. The
optimal consumption policy and the optimal terminal wealth are respectively given by
cv ¼ ðy  nv =gv Þ1=R and X T ¼ ðy  nT =gT Þ1=R . The optimal portfolio policy is given by
X t pt ¼ X t ½p1t þ p2t  where
X t p1t ¼

X t 0 1
ðr Þ ht ;
R t
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X t p2t ¼ X t qðr0t Þ

1

Et

hR

T
t

1=R

1=R

nqt;v gt;v H t;v dv þ nqt;T gt;T H t;T
hR
i
T
1=R
1=R
Et t nqt;v gt;v dv þ nqt;T gt;T

i

with q = 11/R.
The portfolio formula of Proposition 2 serves as the basis for the models in which
the diﬀerent candidate methods will be evaluated.

4. Computing the optimal portfolio
In this section we review two recent approaches that have been proposed for the
computation of asset allocation rules.
4.1. Monte Carlo with Malliavin derivatives (DGR, 2003)
In order to implement the portfolio formula in Proposition 2 we need to calculate
the conditional expectations that appear in the hedging terms. These conditional
expectations are taken over the random variables nt,v, Ht,v which in general will be
path-dependent functionals of the state variables Ys and their Malliavin derivatives
Dt Y s . This complexity in the structure of the hedges naturally suggests the use of
Monte Carlo simulation for computation purposes.
Our simulation approach proceeds as follows. First, note that the hedging
demand can be written in the form
p2t ¼ qðr0t Þ1

Et ½F t;T 
;
Et ½Gt;T 

where F t;T  F ct;T þ F xt;T and Gt;T  Gct;T þ Gxt;T , with
Z v
1=R
1=R
F ct;v 
nqt;s gt;s
H t;s ds and F xt;T  nqt;T gt;T H t;T ;
t

Gct;v 

Z

v

nqt;s g1=R
and
t;s ds

1=R

F xt;T  nqt;T gt;T :

t

To calculate p2 write the random variables appearing in the hedges as a joint system
ðY v ; Dt Y v ; K t;v ; H t;v ; F cv Þ, where

Z v
Z v
1
K t;v 
rs þ h0s hs ds þ
h0s dW s ;
2
t
t
Z v
Z v
Z v
H 0t;v 
orðY s ; sÞDt Y s ds þ
h0s ohðY s ; sÞDt Y s ds þ
dW 0s  ohðY s ; sÞDt Y s
t

t

t

and nt,v = exp(Kt,v). By Itos lemma we can write the dynamics of this system as

J. Detemple et al. / Journal of Banking & Finance 29 (2005) 2821–2848

dK t;s ¼

2837



1
rs þ h0s hs ds þ h0s dW s ;
2
0

dH 0t;s ¼ orðY s ; sÞDt Y s ds þ ðdW s þ hðY s ; sÞdsÞ ohðY s ; sÞDt Y s ;
dF ct;s ¼ nqt;s g1=R
t;s H t;s ds;
1=R
dGct;s ¼ nqt;s gt;s
ds

with initial conditions K t;t ¼ 0; H 0t;t ¼ 0; F ct;t ¼ 0 and Gct;t ¼ 0, along with Eqs. (2)
and (28) for ðY s ; Dt Y s Þ.
Next, simulate M trajectories of the solutions of these equations. This can be
performed using various discretization schemes, such as the Euler scheme or the
Milshtein scheme. Let N be the number of (time) discretization points in the scheme
c;N ;i
N ;i
c;N ;i
selected. This simulation yields M estimates fðY Ns ;i ; DtN ;i Y s ; K Nt;s;i ; H t;s
; F t;s
; Gt;s
Þ:
c
c
s 2 ½t; T g of the trajectories fðY s ; Dt Y s ; K t;s ; H t;s ; F t;s ; Gt;s Þ : s 2 ½t; T g. From the terminal values of the simulated processes construct M estimates of the random variables Ft,T and Gt,T in the hedging demand. Averaging over these M values yields
the following estimate of the hedging demand:
PM N ;i
PM N ;i
1
i¼1 F t;T
i¼1 F t;T
0 1 M
0 1

c
p2t ¼ qðrt Þ 1 PM N ;i ¼ qðrt Þ PM
:
N ;i
i¼1 Gt;T
i¼1 Gt;T
M
The properties of this estimator are studied in Detemple et al. (2003). As shown in
their paper the accuracy of the estimate depends on the number of Monte Carlo replications M and on the number
pﬃﬃﬃﬃﬃ of time discretization
pﬃﬃﬃﬃﬃpoints N. Convergence to the
true value is at the rate 1= M as long as the ratio M =N is heldpconstant
(i.e. when
ﬃﬃﬃﬃﬃ
M and N are simultaneously increased so as to leave the ratio M =N unchanged).
For
a single Monte Carlo replication, the Euler scheme converges weakly at the rate
pﬃﬃﬃﬃ
1= N .
4.2. Monte Carlo with regression (BGSS, 2003)
Brandt et al. (2003) also present a simulation-based method for solving portfolio
choice problems, but set in discrete time. The approach is based on the standard
recursive dynamic programming algorithm, but instead of seeking closed form solutions, it simulates returns and state variables and uses a regression approach to calculate expectations. It also uses an approximation of the value function in order to
calculate approximate ‘‘optimal’’ policies. This simulation-based approximation procedure is very general. As MCMD, it applies to large-scale problems with pathdependent and non-stationary dynamics as well as non-standard preferences. It
therefore represents a prime candidate for comparison with MCMD. We summarize
the main steps of the approach next, in the context of the pure portfolio problem
(with utility of terminal wealth).
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The algorithm is recursive in nature. The starting point is the Bellman equation
for the value function, V, associated with the dynamic portfolio problem
V t ðX t ; Z t Þ ¼ max Et ½V tþ1 ðX t ðp0t Retþ1 þ Rf Þ; Z tþ1 Þ:
pt

ð29Þ

In this equation, Xt is the endogenous wealth at time t, Zt is a vector of exogenous
state variables at t, Retþ1 is the vector of risky assets excess returns from t to t + 1, Rf
is the return on the risk-free asset and ﬁnally, pt is the portfolio over which the optimization is conducted. The ﬁrst-order condition (FOC) for this optimization problem is
Et ½o1 V tþ1 ðX t ðp0t Retþ1 þ Rf Þ; Z tþ1 ÞRetþ1  ¼ 0;

ð30Þ

where o1Vt+1 is the derivative of the value function with respect to the ﬁrst argument
(future wealth associated with the portfolio policy p).
The method proposed by BGSS consists of three steps. The ﬁrst step simpliﬁes the
initial optimization problem (29) by expanding the value function in a Taylor series
around XtRf, the future value (at t + 1) of current wealth. To account for departures
from quadratic utility and Gaussian returns, BGSS propose the fourth-order expansion 6

V at ðX t ; Z t Þ ¼ max Et V atþ1 ðX t Rf ; Z tþ1 Þ þ o1 V atþ1 ðX t Rf ; Z tþ1 ÞðX t p0t Retþ1 Þ
pt

1
1
þ o21 V atþ1 ðX t Rf ; Z tþ1 ÞðX t p0t Retþ1 Þ2 þ o31 V atþ1 ðX t Rf ; Z tþ1 ÞðX t p0t Retþ1 Þ3
2
6
1 4 a
4
f
0 e
þ o1 V tþ1 ðX t R ; Z tþ1 ÞðX t pt Rtþ1 Þ ;
24
where Va represents the value function for this new (approximate) problem. Let pat be
the solution of the approximate problem. The FOC leads to the following implicit
expression for pa:
0

1

pat ¼ fEt ½o21 V atþ1 ðX t Rf ; Z tþ1 ÞRetþ1 ðRetþ1 Þ X 2t g

1
0
2
 Et ½o1 V atþ1 ðX t Rf ; Z tþ1 ÞRetþ1 X t þ Et ½o31 V atþ1 ðX t Rf ; Z tþ1 Þððpat Þ Retþ1 Þ Retþ1 X 3t
2
1
þ Et ½o41 V atþ1 ðX t Rf ; Z tþ1 Þððpat Þ0 Retþ1 Þ3 Retþ1 X 4t
6
1

 fEt ½Btþ1 X t g fEt ½Atþ1  þ Et ½C tþ1 ðpat ÞX 2t þ Et ½Dtþ1 ðpat ÞX 3t g:

ð31Þ

The structure of this equation shows that the solution pat depends on conditional moments involving the derivatives of the value function and powers of the returns. Assume for the time being that these moments can be calculated by some procedure.
The solution of (31) is then computed as follows. First, compute the solution of
the quadratic problem corresponding to the second-order expansion of the value
6
Brandt et al. (2003) report that a fourth-order expansion around XtRf gives very accurate results for the
particular problems they considered.
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function. This gives an explicit expression which can be used as an initial guess for
solving (31). Second, substitute this initial guess into the right-hand side of (31) to
produce a new estimate of pa on the left-hand side. Finally, iterate by repeating
the previous step until the distance between consecutive estimates falls below some
pre-selected tolerance level.
The second step of the method involves the forward simulation of a large number
M of sample paths of the vector Y t ¼ ½Ret ; Z t  where Zt is a vector of state variables
which may include a ﬁnite number of past returns. This set of paths serves as the
underlying tree for the application of a recursive procedure where the portfolio is
approximated at each step and along each trajectory m by the solution of (31).
The third step consists in computing the expectations appearing in (31) and solving for the portfolio at date t. Suppose that approximate weights pas have been found
for s = t + 1, . . . , T  1. The corresponding terminal wealth is
X aT ¼ X at Rf

T 1
Y

ðpas Resþ1 þ Rf Þ

ð32Þ

s¼tþ1

assuming that the riskfree rate applies between t and t + 1. The coeﬃcients in (31)
are then replaced by
"
#
T 1
Y
Atþ1 ¼ Etþ1 ouðX aT Þ
ðpas Resþ1 þ Rf Þ Retþ1
ð33Þ
s¼tþ1

in the case of
t+1, and similar expressions for Bt+1, Ct+1 and Dt+1. Letting
QTA
1
atþ1  ouðX aT Þ s¼tþ1 ðpas Resþ1 þ Rf ÞRetþ1 be the random variable inside the expectation
in (33) and deﬁning bt+1, ct+1 and dt+1 in a similar manner leads to
1

2

3

pat ¼ fEt ½btþ1 X at g fEt ½atþ1  þ Et ½ctþ1 ðpat ÞðX at Þ þ Et ½d tþ1 ðpat ÞðX at Þ g:

ð34Þ

This relation serves as an approximation of the optimal portfolio policy.
To ﬁnd this approximation the expectations of a, b, c, d must be computed. To do
this Brandt et al. (2003) rely on the regression method suggested by Longstaﬀ and
Schwartz (2001) in the context of American option pricing. This simple approach
uses regressions across the simulated paths to evaluate conditional expectations.
Let y be a typical element of the vector [a, b, c, d]. The expectation of yt+1 is computed
by regressing yt+1 on a vector of polynomial bases in the state variables Zt. That is
0

Et ½y tþ1  ¼ uðZ t Þ k t
where kt is the vector of regression parameters to be estimated. The ﬁtted values of
this regression are used to construct estimates of the time t-conditional expectations
of at+1, bt+1, ct+1 and dt+1, along each path m. Solving (34) produces the approximate portfolio pa;m
t .
The backward construction described above can be implemented for all indices t
running from T  1 to 0. For the computation of the approximate portfolio pa0 at the
initial date it suﬃces to solve (34) with time index t = 0. At that date the expectations
E0 ½a1 ; E0 ½b1 ; E0 ½c1 ðpa0 Þ and E0 ½d 1 ðpa0 Þ on the right hand side of the equation are projections on a set of constants as there is a unique set of initial values for the state
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variables (i.e. the vector of independent variables Z0 is single valued). This is equivalent to estimation by simple Monte Carlo averaging, i.e. for x1 ¼
PaM1 ; b1 ;
c1 ðpa0 Þ; d 1 ðpa0 Þ the estimate bx 1 of the conditional expectation E0[x1] is b
x 1 ¼ M1 j¼1 xj1 .
Substituting in (34) and solving gives the portfolio estimate pa0 .

5. A comparison of methods
In order to compare the candidate methods we focus on two speciﬁcations of the
consumption–portfolio model. The ﬁrst one is the linear speciﬁcation with closed
form solution proposed by Wachter (2002). The second is the non-linear model with
two state variables, developed by DGR (2003). Since BGSS (2003) provide a detailed
presentation of MCR for the maximization of the utility of terminal wealth we compare MCR and MCMD in this setting.
5.1. Two frameworks for comparison
Let us ﬁrst describe the two models used for comparison.
5.1.1. A single state variable model with explicit solution (WA)
In the ﬁrst model the investor has constant relative risk aversion R and maximizes
utility in a ﬁnancial market with a single risky stock and the riskless asset. The
underlying source of uncertainty is a (single) Brownian motion W. The interest rate
r is constant and the market price of risk h follows the Ornstein–Uhlenbeck (OU)
process
dht ¼ Aðh  ht Þdt þ RdW t ;

h0 given;

ð35Þ

where A; h; R are positive constants. The stock return has constant volatility r. In
the version of this model studied the investor cares about the expected utility of terminal wealth. We refer to this setting as WA.
The closed form solution for WA can be found in Wachter (2002).7 Assume that
the determinant condition
R2 A2 þ qð1 þ 2R1 AÞ P 0;

ð36Þ

holds, where q = 1  1/R, and deﬁne the constants
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
G ¼ R1 A  R2 A2 þ qð1 þ 2R1 AÞ
and a = 2(A + RG). In the pure portfolio problem, the optimal demand for the stock
1
is pt ¼ p1t þ p2t where p1t ¼ ð1=RÞðrt Þ ht is the mean–variance demand and

7

For this model, Wachter shows that the problem reduces to a system of Riccati ordinary diﬀerential
equations. Liu (1998) and Schroder and Skiadas (1999) show that the same reduction applies when state
variables follow aﬃne processes.
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q
p2t ¼  ½Bðt; T Þ þ Cðt; T Þht Rr1
R
with


2
2 1  exp  12 aðT  tÞ
Ah;
Bðt; T Þ ¼
aða þ ðq  GÞRð1  expðaðT  tÞÞÞÞ
1  expðaðT  tÞÞ
;
a þ ðq  GÞRð1  expðaðT  tÞÞÞ
represents the intertemporal hedging demand.
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ð37Þ

ð38Þ

Cðt; T Þ ¼

5.1.2. A nonlinear model with two state variables (DGR1)
The second model is the benchmark non-linear model developed by DGR (2003),
which we call DGR1. The state variables, in this setting, correspond to the interest
rate and the market price of risk (r, h) which evolve according to
2g
drt ¼ jr ðr  rt Þð1 þ /r ðr  rt Þ r Þdt  rr rct r dW t ; r0 given;
ð39Þ
dht ¼ ðjh ðh  ht Þ þ lrh ðrt ; ht ÞÞdt þ rh ðht ÞdW t ;
where
lrh ðrt ; ht Þ





hl þ ht
 dr ðr  rt Þðhl þ ht Þ 1 
hl þ h u

h0 given;


;

ð40Þ

ð41Þ

1c1h !c2h
hl þ ht
1
:
ð42Þ
rh ðht Þ ¼ rh ðhl þ ht Þ
hl þ hu
The coeﬃcients ðjr ; r; /r ; gr ; rr ; cr ; jh ; h; gh ; rh ; hl ; hu ; c1h ; c2h Þ are constants. Moreover,
ðjr ; r; jh ; hl ; hu Þ are positive, and h 2 ðhl ; hu Þ. The Brownian motion W is
unidimensional.
The interest rate process (39) is mean reverting with constant elasticity of variance
(NMRCEV) given by 2cr. The speed of mean-reversion is non-linear and modelled
2g
by the function jr ð1 þ /r ðr  rt Þ r Þ. When /r > 0, this speciﬁcation implies an increased pull towards the long run mean as the deviation jr  rt j increases. Empirical
motivation for this structure is provided by DGR (2003). The presence of non-linearities in the mean is also documented by Ait-Sahalia (1996) and Ahn and Gao (1999).
The market price of risk process exhibits linear mean reversion and has an elasticity
of variance with hyperbolic structure. The drift also depends on the interest rate,
which has been shown to be a good predictor of the market price of risk. The formulation adopted ensures that the process stays between two reﬂecting bounds, given by
the parameters hl and hu. The process is said to exhibit mean reversion with hyperbolic elasticity of variance and interest rate dependence in the drift (MRHEVID).
c1h



5.2. Comparing MCMD and MCR
This section reports comparison results for MCMD and MCR. Five versions of
MCR are tested: three of these involve regressions on linear terms, the last two
regress on power series of the returns. The MCR methods are labelled:
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• MCR-lin-1. Regression on the market price of risk for the current date.
• MCR-lin-2. Regression on the market prices of risk for the current and previous
dates.
• MCR-lin-3. Regression on the market prices of risk for the current and the past
three dates.
• MCR-poly-1. Regression on a second-order power series of the market price of
risk for the current date.
• MCR-poly-2. Regression on a third-order power series of the market price of risk
for the current date.
Our ﬁrst comparison is carried out in the context of WA. The availability of a
closed-form solution for this model enables us to calculate the exact error associated
with each method. Table 1 shows the results of a simulation exercise based on
N = 20 time points per year and M = 20,000 trajectories.8 The approximate portfolio in MCR is calculated using 200 iterations for the resolution of (34). This framework enabled us to replicate the results reported by BGSS (2003) in their Table 1.
Computations are performed for risk aversions R = 2, 3, 4, 5 and investment horizons
T = 1, 2, 5; parameter values are those described in Table 1. The experiment was carried out for several states of the random number generator. As the results obtained
were roughly similar across states we report results for a particular state.
Several conclusions emerge from this simple exercise. The ﬁrst one is that MCMD
produces more accurate values, in this particular example across all 12 pairs (R, T)
studied. The gain in accuracy, relative to the other methods tested, is often large
and sometimes exceeds a factor of 10. The systematic pattern of dominance across
all parameter values tested is of course extreme and one may naturally wonder about
the relative performance of the methods in a larger experiment. Our eﬃciency study
below will examine this issue and conﬁrm the broad conclusions emerging from the
analysis of this limited experiment.
The second conclusion is that there are variations in performance across the 5 versions of MCR tested. For some values of risk aversion and horizon all 5 versions
produce closely related relative error (RE) values (e.g. for T = 1). In other cases there
are more important diﬀerences (e.g. for T = 5).
Lastly, it should be noted that MCR often fails to produce portfolio values and,
instead, returns inﬁnite values (NaN). In the table, this happens for the polynomial
approximations MCR-poly-1 and MCR-poly-2 (MCR-poly-2 fails in over 66% of
the cases considered in Table 1). The problem can be traced back to the fact that
the algorithm employed for the resolution of (34) diverges for certain parameter
values. In a broader set of experiments that we conducted, cases of divergence were
recorded for almost every variant of MCR. The occurrence of problematic cases
appeared to increase with the length of the investment period.
These results in Table 1 give a preliminary feel for the relative properties of the
candidate methods based on a given number of trajectories of the underlying Brown-

8

For MCR the duration of a time period is taken to be 1/20. The total number of periods is T · 20.
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Table 1
Portfolio demands using MCMD and MCR in the Ornstein–Uhlenbeck model
T

Risk aversion (RA)
2
p

3
RE

p

4
RE

p

5
RE

RE

p

1
Exact
MCMD
MCR-lin-1
MCR-lin-2
MCR-lin-3
MCR-poly-1
MCR-poly-2

20.53
20.05
24.06
24.11
24.34
24.01
24.13

2.36
17.18
17.41
18.55
16.96
17.54

12.83
12.18
15.02
15.07
15.28
14.97
15.07

5.02
17.11
17.48
19.11
16.68
17.47

9.31
8.59
10.90
10.94
11.12
10.85
10.93

7.73
17.05
17.50
19.41
16.47
17.38

7.31
6.54
8.55
8.59
8.74
8.50
8.57

10.47
17.00
17.50
19.59
16.33
17.32

Exact
MCMD
MCR-lin-1
MCR-lin-2
MCR-lin-3
MCR-poly-1
MCR-poly-2

15.14
14.97
18.62
18.49
18.71
18.73
NaN

1.08
22.99
22.18
23.61
23.77
NaN

8.42
8.27
10.40
10.28
10.46
10.50
NaN

1.81
23.49
22.08
24.26
24.66
NaN

5.74
5.60
7.08
6.98
7.13
7.16
NaN

2.43
23.33
21.52
24.15
24.75
NaN

4.33
4.20
5.33
5.24
5.37
5.40
NaN

3.01
23.07
20.99
23.92
24.67
NaN

Exact
MCMD
MCR-lin-1
MCR-lin-2
MCR-lin-3
MCR-poly-1
MCR-poly-2

4.18
4.92
9.31
9.28
9.75
NaN
NaN

17.55
122.71
121.96
133.21
NaN
NaN

0.18
1.13
2.99
2.94
3.38
NaN
NaN

535.40
1575.45
1545.61
1794.63
NaN
NaN

0.68
0.37
1.16
1.11
1.50
NaN
NaN

154.49
269.53
262.53
318.93
NaN
NaN

0.90
0.21
0.43
0.39
0.73
NaN
NaN

122.78
147.81
143.34
180.26
NaN
NaN

2

5

The fraction of wealth invested in the stock market is given in terms of relative risk aversion (RA) and
investment horizon (T) in the model with Ornstein–Uhlenbeck market price of risk process (model WA).
Parameter values are A ¼ 0:2712; h ¼ 0:9456; R ¼ 0:2268; r ¼ 0:2; r ¼ 0:06 and h0 = 0.10. The exact
solution is calculated using the formulas of Wachter (2002) in Section 5.1.1. Each computation is performed using MCMD, MCR-lin-1, MCR-lin-2, MCR-lin-3, MCR-poly-1 and MCR-poly-2. For computations we use M = 20,000 trajectories and N = 20 discretization points per year. Risk aversion varies
from 2 to 5 in unit increment. Investment horizon takes values 1, 2 and 5. Portfolio shares (p) and relative
errors (RE) are expressed as percentages. The relative errors associated with the diﬀerent methods are
shown for state 0 of the random number generator.

ian motion and a limited number of risk aversion and horizon combinations. In
order to provide more conclusive evidence we conduct a large-scale study involving
a large number of draws (here 10,000) for the parameters of the model and the initial
values of the state variables. For each draw relative errors and computation times
are recorded, for each method. A measure of accuracy, root mean square relative
error (RMSRE), and a measure of speed, inverse average time (IAT), are computed
from this sample, again for each method. This experiment is repeated for diﬀerent
discretization values N and diﬀerent numbers of trajectories M. The speed–accuracy
trade-oﬀ can then be graphed to evaluate the relative performance of the candidate
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methods. Given the diﬃculties experienced with the polynomial-regression methods
in the initial experiment, we focus on the linear approximations MCR-lin1, MClin-2, MCR-lin-3 and on MCMD.
To conduct our experiment we draw the parameters R, T, h0, r0 from independent
uniform distributions (the values of other parameters remain as speciﬁed in Table
1). Speciﬁcally, R is uniform over the interval [0.5, 5], T is uniform over the discrete
set {1,2, . . . ,5}, h0 is uniform over [0.30, 1.50] and r0 is uniform over [0.01, 0.10]. Each
draw consists of a vector [R, T, h0, r0]. Errors and computation times are recorded, for
each method, for the pairs (M, N) = {(1000, 10), (4000, 20), (9000, 30), (16,000, 40)}.
These combinations
pﬃﬃﬃﬃﬃ of M, N are chosen so as to quadruple M when N is doubled, leaving the ratio M =N constant.9 Out of the 10,000 parameter draws 1826 violated the
determinant condition (36) for the closed form solution of Wachter (2002), or failed
to produce ﬁnite values for at least one of the regression methods. Eliminating these
problematic values left a sample of 8164 ‘‘good’’ draws which constitute our sample.
Statistics, such as RMSRE and IAT, are computed over this sample.
Fig. 1 displays the results from this experiment. The ﬁrst observation is that
MCMD converges faster as M and N increase. Although somewhat diﬃcult to infer
from the graph convergence is, in fact, not assured for MCR.10 The second observation is that all three regression methods have a very similar performance. Regressing
on additional lagged returns does not appear to improve performance in a signiﬁcant
way. The last observation emerging from the experiment is that MCMD improves on
MCR by a factor in excess of 10. For instance, for a speed in the neighborhood of 4
the RMSRE of MCMD nears 8 · 101 while that of MCR is about 2 · 10.
Our second experiment is a large-scale study performed in the context of the nonlinear model DGR1. Parameter values are those reported in Appendix C of DGR
(2003, pp. 441–442). In this instance 600 vectors R, T, h0, r0 are drawn from independent uniform distributions: R is uniform over [0.5,5], T is uniform over the discrete
set {1,2, . . . ,5}, h0 is uniform over [0.10, 0.40] and r0 is uniform over [0.01, 0.10].
For each draw the benchmark true value of the portfolio is computed using the
convergent method of DGR with M = 250,000, N = 200 and variance reduction
by antithetics. The long computation times needed to calculate the benchmark values
explains the more modest size of the sample in this experiment. As before errors
relative to the benchmark and computation times are recorded for the pairs
(M, N) = {(1000, 10), (4000, 20), (9000, 30), (16,000, 40)}. Out of the 600 parameter
draws 65 produced inﬁnite values for at least one of the regression methods. This left
a sample of 535 ‘‘good’’ draws over which statistics were computed.
pﬃﬃﬃﬃﬃ
The ratio M =N is the eﬃciency ratio for MCMD. Increasing M and N while maintaining this ratio
constant ensures convergence to the true value without modifying the structure of the second order bias
(see Detemple et al. (2003)).
10
Suppose that the order of the polynomials used to approximate conditional expectations is ﬁxed. In
this case MCR converges to the projection of the portfolio on the linear space spanned by the
approximating polynomials and not to the portfolio policy itself (see Clément et al., 2002). If the
projection residual is large the approximation error of MCR will also be large, independently of
the number of replications used to estimate the regression coeﬃcients.
9
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Fig. 1. This ﬁgure shows the speed–accuracy trade-oﬀ for MCMD (plain line top left corner), MCR-lin-1
(plain line bottom right corner), MCR-lin-2 (plus +) and MCR-lin-3 (circle o), in the context of the
linear model WA. Speed is measured by the inverse of the average computation time over the sample (yaxis). Accuracy is measured by root mean square relative error (x-axis). Four points, corresponding to the
pairs (M, N) = {(1000, 10), (4000, 20), (9000, 30), (16,000, 40)}, are graphed for each method.

Fig. 2. This ﬁgure shows the speed–accuracy trade-oﬀ for MCMD (plain line left side), MCR-lin-1 (plain
line right side), MCR-lin-2 (plus +) and MCR-lin-3 (circle o), in the context of the nonlinear model
DGR1. Speed is measured by the inverse of the average computation time over the sample (y-axis).
Accuracy is measured by root mean square relative error (x-axis). Four points, corresponding to the pairs
(M, N) = {(1000, 10), (4000, 20), (9000, 30), (16,000, 40)}, are graphed for each method.
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The results obtained conﬁrm the conclusions reached in the prior experiment.
Fig. 2 shows that MCMD converges fairly smoothly, as M and N increase, while
MCR does not. The three linear versions of MCR exhibit, again, a very similar
trade-oﬀ between speed and accuracy. The performance advantage of MCMD
over MCR appears even more clearly in this model. The gain in accuracy approaches
a factor of 102 for a speed in the neighborhood of 101 (i.e. for the pair
(M, N) = (16,000, 40)).

6. Conclusion
In this paper we have provided a review of the MCMD method developed by Detemple et al. (2003) for the computation of optimal portfolio policies. This approach, which
combines Monte Carlo simulation and Malliavin derivatives, is extremely ﬂexible and
accurate. One of its beneﬁts is to permit the implementation of realistic models, featuring multiple assets and state variables, non-linear dynamics of the state variables and
general time-separable von Neumann–Morgenstern preferences. It also identiﬁes the
primitive components of the optimal portfolio, including the intertemporal hedging
terms whose importance was ﬁrst highlighted by Merton (1971).
The comparative studies that we performed show that MCMD dominates the
Monte Carlo Regression approach of BGSS (2003). In large-scale studies conducted
in the context of two models, MCMD proved to be signiﬁcantly more eﬃcient. Eﬃciency graphs show that it provides at least a tenfold increase in accuracy for a given
budget of computation time.
MCMD essentially resolves the implementation question for general diﬀusion
models with complete ﬁnancial markets. It also holds much promise for the analysis of more general consumption–portfolio problems. Directions for future research
include its extension to settings with incomplete markets and constraints, discontinuous price processes and non-separable preferences. Preliminary results (see
for instance Detemple and Rindisbacher (2003) for a specialized model with incomplete markets) have already made inroads in some of these areas and provide a
glimpse of the potential beneﬁts associated with a full blown extension of the
method.

Appendix A: Proofs
hR
i
T
Proof of Proposition 1. Since nt X t ¼ Et t nv Iðy  nv ; vÞdv þ nT J ðy  nT ; T Þ an application of the Clark–Ocone formula shows that
Z T

 0
 0


nv Z 1 ðy nv ; vÞdv þ nT Z 2 ðy nT ; T Þ h0t
nt X t pt rt  nt X t ht ¼ Et
t

 Et

Z
t

T


nv Z 1 ðy  nv ; vÞH 0t;v dv þ nT Z 2 ðy  nT ; T ÞH 0t;T ;
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where
Z 1 ðy  nv ; vÞ ¼ Iðy  nv ; vÞ þ y  nv I 0 ðy  nv ; vÞ;
Z 2 ðy  nT ; T Þ ¼ J ðy  nT ; T Þ þ y  nT J 0 ðy  nT ; T Þ;
Z v
Z v
H 0t;v ¼
ðDt rs þ h0s Dt hs Þds þ
dW 0s  Dt hs
t

t

and Dt rs ; Dt hs and Dt Y s are Malliavin derivatives that satisfy the relevant equations
(see (27) and (28)).
Using the deﬁnition of X t , we can write
Z T

nt;v Z 1 ðy  nv ; vÞdv þ nt;T Z 2 ðy  nT ; T Þ
X t  Et
t

¼ Et

Z

T


0





0





nt;v ðy nv ÞI ðy nv ; vÞdv þ nt;T ðy nT ÞJ ðy nT ; T Þ
t

and therefore,
X t p0
t rt ¼ E t

Z


nt;v ðy  nv ÞI 0 ðy  nv ; vÞdv þ nt;T ðy  nT ÞJ 0 ðy  nT ; T Þ h0t

T
t

 Et

Z

T

nt;v Z 1 ðy



nv ; vÞH 0t;v dv

þ nt;T Z 2 ðy



nT ; T ÞH 0t;T


:

t

Transposing this expression and identifying the ﬁrst term with p1 and the second
with p2 gives the formula stated. h
Proof of Proposition 2. For power utility function u(c, t) = gtc1R/(1  R) and
U(X, T) = gTX1R/(1  R), with gt  exp(bt), we obtain
Iðynv ; vÞ ¼ ðynv =gv Þ
0

1=R

;

J ðynT ; T Þ ¼ ðynT =gT Þ

ynv I ðynv ; vÞ ¼ ð1=RÞðynv =gv Þ

1=R

0

Z 1 ðynv ; vÞ ¼ ð1  1=RÞIðynv ; vÞ;

;

¼ ð1=RÞIðynv ; vÞ;

1=R

ynT J ðynT ; T Þ ¼ ð1=RÞðynT =gT Þ

1=R

¼ ð1=RÞJ ðynT ; T Þ;

Z 2 ðynT ; T Þ ¼ ð1  1=RÞJ ðynT ; T Þ:

Substituting these expressions in the policies of Proposition 1 gives the formulas
stated. h
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